Solution to Chapter 6 Problems

Problem 6.1
The spectrum of the signal at the output of the LPE;is(f) = Ss(f)|l'l(%)|2. Hence, the signal power is

P, = /Oos (f)df—/WLdf
o =) SeWDdAf= |y

f W
PoB arctar(E)

w
= 2PyB arctar(E)

4
Similarly, noise power at the output of the lowpass filter is
w NO
P, =f —df = NoW
_w 2
Thus, the SNR is given by

2PyB arctani’y) 2P, arctar(’y)

NoW T No w

SNR

In the next figure we plot SNR as a function%fand forZN—";O =1.
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1) The transfer function of th&C filter is

H(s) R RCs
S) = =
=+R 14RCs

with s = j27 f. Hence, the magnitude frequency response is

47T2(RC)2f2 >%

HDI= (1+4n2(RC)2f2

This function is plotted in the next figure fgrin [—10, 10] and 4r?(RC)? = 1.
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2) The overall system is the cascade of € and the LPF filter. If the bandwidth of the LPFWg, then
the transfer function of the system is

j27RCF f

V()= Ny

14 j2nRCf )

The next figure depictd/ (f)| for W = 5 and 4%(RC)? = 1.
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3) The noise output power is

W' 47?(RC)2f? Ny
P, = —df
w1+ 472(RC)2f2 2
No [V 1
= NoW - — d
0 2 /_W 1+ 472(RC)2 £2 f
No 1 W
= NoW — — arctan2z RC
W= gpge FCRETRED)|
— Ngw— o arctan2r RCW)
= oW TS RC d

The output signal is a sinusoidal with frequentyand amplitudeA|V (f.)|. Sincef. < W we conclude
that the amplitude of the sinusoidal ouput signal is

4m2(RC)2 f2
1+ 472(RC)2f2

AlH(f) =A\/

and the output signal power
b A% 4n?%(RC)?f?
' 2 1+ 472(RC)2f2
Thus, the SNR at the ouput of the LPF is

A2 47P(RC)?f2 A2 TRCf2
SNR— 2 1+472(RC)2f2 _ No 1+472(RC)2f2
NoW — 5 :’Igc arctar2r RCW) 2nRCW — arctani2r RCW)
In the next figure we plot
1
GW) =

2T RCW — arctari2r RCW)
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as a function ok = 2r RCW, when the latter varies fromDto 05.
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Problem 6.3

The noise power content of the received signal = u(¢) + n() is
00 NO
P,,:f S,,(f)df:?x4W:2N0W

If we write n(z) as
n(t) = n.(t) co92n f.t) — ny(t) SiN2r f.t)
then,
n(t)co92rf.t) = n.(t) cosZ(anct) — ny(t) cog2x f.t) Sin2r f.t)
= %nc(t) + %nc(t) co9 2 2f.t) — ng(t) SIN2r 2f.t)

The noise signal at the output of the LPF%isc(t) with power content

1 1 NoW
Pno:_Pn.:_Pn:
' 4 ¢ 4 2

If the DSB modulated signal i8(r) = m(t) cog2xf.t), then its autocorrelation function 8, (r) =
$Ry(v) cog2r f.7) and its power

_ 1 o0
P = Rul0) = SRu(0) = / S,(f)df = 2W Py
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From this relation we findk,;(0) = 4W Py. The signal at the output of the LPFyigr) = %m(t) with power
content

P, —lE 2(t —lR 0)=WP
s,o—Z [m()]—z M()— 0

Hence, the SNR at the output of the demodulator is

P, WP, 2P
SNR= 22 - "-0_ 20
Pn,o @ NO

Problem 6.4
First we determine the baseband signal to noise (%b(g. With W = 1.5 x 10°, we obtain

S _ Pr _ Pg _PRlOg
NJ), NoW 2x05x10¥x15x106 15

Since the channel attenuation is 90 db, then

P
10 IogP—T =90=> P =10°P;
R

Hence,

15 15 15

N

(S) _PR108_108X10_9PT Pr
b

1) If USSB is employed, then

S S
(_> = (—) =10’ = Pr = 15x 10° = 15 KWatts
N 0,USSB b

2) If conventional AM is used, then

S B S\ _ Pr
N "\N),T"15

where,y = 112%4 Since, maKm(¢)| = 1, we have
Py, = Py = /1 Legr=1
M, = I'm = _12)6 X—3
and, therefore
0.25x 3 1
T} = - = —
1+025x3 13
Hence,
S 1P
(—) == -L =10° = P; = 195 KWatts
N), a 1315
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3) For DSB modulation

S S Pr
ad —(2) = 2L 103 Pr = 15 KWatts
(¥), o= (3), = =10 =1

Problem 6.5
1) Since|H(f)| = 1for f = |f. £ ful, the signal at the output of the noise-limiting filter is

r(t) = 1073[1 4 « co927 f,ut + ¢)] cOS 27 f.1) + n(r)

The signal power is

T
Pr = lim / S 1091 + o CoS 27 f,ut + $)1% coS (2 f.1)dt
— 00 T
-2
106 o? 5

The noise power at the output of the noise-limiting filter is

1 1 1 No 10
P,,==-P, =—-P,=—-— x2x2500=25x 10
0T ot T ptn T o e *
2) Multiplication of r(¢) by 2 cog2x f.t) yields

3
y() = %[1+acos(2nfmt)]2+%nc(t)Z

+ double frequency terms
The LPF rejects the double frequency components and therefore, the output of the filter is
v(1) = 103[1 + o co 27 fut)] + ne(t)
If the dc component is blocked, then the signal power at the output of the LPF is

_10°

5 0.5 =0.125x% 10°°

P,
whereas, the output noise power is
N
Ppo=P, =P, = 2702000= 40 x 10710

where we have used the fact that the lowpass filter has a bandwidth of 1000 Hz. Hence, the output SNR is

0.125x 10°©
NR= ——— = 2 1
S 20 < 10-10 3125 1495db

Problem 6.6
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The one-sided noise equivalent bandwidth is defined as
S IH (PP
“ |H (f)]fax

It is usually convenient to substitun'él(f)ﬁc:(J for |[H(f)|2 . in the denominator, since the peaking of the
magnitude transfer function may be high (especially for smplireating in this way anomalies. On the
other hand if is less, but close, to ongH (f)|3,., can be very well approximated U)H(f)@zo. Hence,

_ fo IH(OIdf
T HNB S
and since
w2+ j2rf (2§wn — ‘”72)

2 _
|H()I* = w2 — Ax2f2 + j2n f2 w,

we find that| H (0)| = 1. Therefore,

By = fo |H(f)1%df

For the passive second order filter

H —
(<) 52+ 2¢w, + w?
71> 1,50 that"’?'% = ;11 ~ 0 and
520w, + @
H) = o ore a2
§% 4+ 20w, +
The B,, can be written as
joo
B,, = — H(s)H(—s)ds
4 4 —joo

Since,H(s) = % we obtain lim, ., H(s)H (—s) = 0. Hence, the integral foB,, can be taken
along a contour, which contains the imaginary axis and the left half plane. FurthermoreGsinds a
rational function ofs, the integral is equal to half the sum of the residues of the left half plane poles of

H(s)H(—s). Hence,

1
B, = > [(S + Lw, + wa/ % — DH(s)H (—s)

s=—Cwp—wpaf{2—1
(s + fon — 0/ 52 = DH()H (—s)

S=—§wn+wn«/§2_—1:|
1+ 42
8¢ /wn
1+ 213 + (42)% 4 297
8¢ /wn
1+ w2t
8¢ /wy

[OR 1 .
= §(4§+E)—

&
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where we have used the approximatin~ 0.

Problem 6.7

1) In the case of DSB, the output of the receiver noise-limiting filter is

r@t) = u@®)+n@
= Acm(t) CON2r f.t + Pc(1))
+n.(t) cO9 27 f.t) — ns(t) SIN(27 f,1)

2
The power of the received signal 5 = %Pm, whereas the power of the noise

P, —1P —|—1 =P
n,o—zn[, 2ns— n

Hence, the SNR at the output of the noise-limiting filter is
(S) _AZp,
N o,lim B 2P”
Assuming coherent demodulation, the output of the demodulator is
1
y(t) = é[Acm(t) +n.]

The output signal power i8, = %AEP,,, whereas the output noise power

1 1
Pn():_Pn. —_Pn
T4 4
Hence,
(s) A?p,
N o,dem P,
and the demodulation gain is given by
S
dem. gain= (ﬁ)"’dem =2
(ﬁ)o lim

2) In the case of SSB, the output of the receiver noise-limiting filter is
r(t) = Acm(t) co2n f.t) = A.m(t) Sin(2r fot) + n(t)

The received signal power & = A2P,,, whereas the received noise powePjs, = P,. At the output of
the demodulator

A 1
y(0) = —m(t) + Sne(t)
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with P, = $A2P, andP, , = 1 P,, = ; P,. Therefore,
(g) AZP,
. N
dem. gain= {29 = P =1
(%) im .

3) In the case of conventional AM modulation, the output of the receiver noise-limiting filter is
r(t) = [Ac(L+ am, (1)) + n.(t)] cOA2n f 1) — ny(t) SIN(27 fe1)

The total pre-detection power in the signal is

AZ
P = 70(1+a2PMn>

In this case, the demodulation gain is given by

(%)o,dem _ ZaZPMn

(%)o,lim ~ 1+a?py,

dem. gain=

The highest gain is achieved fer= 1, that is 100% modulation.

4) For an FM system, the output of the receiver front-end (bandwid}hs
r(t) = Accod2nf.t+ ¢(1)) + n(t)

= ACCOS(ZJTfCt—i—anf[ m(t)dt) + n(t)

The total signal input power iB; jim = A;, whereas the pre-detection noise power is

N,
Py jim = 7021% = NoB. = No2(By + DWW

Hence,

( S ) _ AZ
N/, im 2No2(Bs +DW

The output (post-detection) signal to noise ratio is
S 3k%AZPy
(;7>oﬂem—_ 2NoW?

(F)ocem  3B2Pu2(B; +1)
(%)o,lim —(max{|m(n)[])?

Thus, the demodulation gain is

dem. gain= = 6B7(Br + 1) Pu,

5) Similarly for the PM case we find that

(%), = vz
N/, im 2No2(B, + DW
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and

S kR AZPy
N/, gem 2NoW

Thus, the demodulation gain for a PM system is

 (Wodem  BiPM2B,+D
dem. gain= (%)O’Hm = (maxim D12 =2B,(Bp + 1 Py,

Problem 6.8
1) Since the channel attenuation is 80 db, then

P
10 IogP—T =80= Pr =108P; = 1078 x 40 x 10° = 4 x 10~* Watts
R

If the noise limiting filter has bandwidtB, then the pre-detection noise power is
fc+% N
P,=2 / 7Odf = NoB = 2 x 107 1°B Watts
f=%

In the case of DSB or conventional AM modulatia®,= 2W = 2 x 10* Hz, whereas in SSB modulation
B = W = 10% Thus, the pre-detection signal to noise ratio in DSB and conventional AM is

Px 4x 104
SN =" = =10°
Rosa.aw P, 2x 1010 x 2 x 10¢
and for SSB
4x 104
SNRssg = =2x 10?
SSB= 5 100 x 108 ¢

2) For DSB, the demodulation gain (see Problem 5.7) is 2. Hence,

SNRosg, = 2SNRysg; = 2 x 107

3) The demodulation gain of a SSB system is 1. Thus,

SNRSSBO = SNRSSBi =2x 102

4) For conventional AM withw = 0.8 andP,,, = 0.2, we have

O[ZPM
SNRaw .o = " SNRaw,; = 0.1135x 2 x 107

1+0(2PM
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Problem 6.9
1) For an FM system that utilizes the whole bandwidth= 2(8, + 1) W, therefore

100
2Br +1) = == = by =115

Hence,

(S) _3A§( Br )2 Pu__ 342 3o P,
N)oem 2 \maxim@|l) NoW — = 2"/ NoWw

S _ AZa®Py,
N/, 2NoW

( )O,FM _ 3’8)%

( )(),AM - az

For an AM system

Hence,

= 549139~ 27.3967 dB

2| =z

2) Since the PM and FM systems provide the same SNR

Ry _kRAZ Py BKGFAZ Py (S
N/,em 2 NoW = 2W2 NoW  \N/, ey

or
Koo B3 1
22 - W2 3wz W
3k: W 3pIW2 W
Hence,
BWew  2(8, + DW V3B, +1
BWev — 28 +DW By +1
Problem 6.10

1) The received signal power can be found from

P
10log~ = 80= P¢ = 10 °Pr = 10 * Watts
R

S\ _ &Py, (S\ _ &Py, P
N), 1+a2Py, \N/), 1+ a2Py, NoW
Thus, withPz = 104, Py, = 0.1, = 0.8 and

NoW =2x05x 10 x5x 10° =5x 10°
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we find that

(%) — 1204 30806 db

2) Using Carson’s rule, we obtain
B.=2B+1)W = 100x 10°=2(B+1)5x 10° = =9

We check now if the threshold imposes any restrictions.

S P 10
— = = 20 1= = B =999
(N)h,th NoW F+D 1012 x 5x 10° P

Since we are limited in bandwidth we chogse= 9. The output signal to noise ratio is

S S 10°
(—) =3p°0.1 (—) =3x 9 x 0.1 x — = 486000 56366 db
N/, N/, 5

Problem 6.11

1) First we check whether the threshold or the bandwidth impose a restrictive bound on the modulation index.
By Carson’s rule

B.=2B+1)W =60x10°=2(B+1) x 8x 10° = B =275
Using the relation

S

<N>o = 60B°(8 + 1) Py,

with (%) = 10* and Py, = 3 we find
10" = 308%(B + 1) —> B = 6.6158

Since we are limited in bandwidth we chogse= 2.75. Then,

S S S 2 x 104
=) =38°P, =) = (=) = —""—— =881542
(N)o g M"(N)b (N)b 3x 272
N Px

(—> = = 881542 —> Py =881542x2x 101? x 8x 10° = 1.41x 107°
,  NoW

Thus,

N

Since the channel attenuation is 40 db, we find

Pr = 10° Pz = 0.141 Watts
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2) If the minimum required SNR is increased to 60 db, thenghfeom Carson’s rule remains the same,

whereas from the relation

(%) = 608%(8 + 1) Py, = 10°

we find 8 = 31.8531. As in part 1) we chooge= 2.75, and therefore

(ﬁ) _ 1 (5) _ 8.8154x 10*
N),” 3p2py \N),

Thus,

Pr = NoW8.8154x 10* = 2 x 1012 x 8 x 10° x 8.8154x 10* = 0.0014

and

Pr = 10° P = 14 Watts

3) The frequency response of the receiver (de-emphasis) filter is given by

1

1+j%

Hy(f) =

with fo = Wlxwe = 2100 Hz. In this case,

( S ) (—%)3 ( S ) 1
N w w N
o,PD 3 (—fo — arctan—fo) 0

From this relation we find
S
(ﬁ) = 1.3541x 10° = Pg = 9.55x 107°

and therefore,

Pr = 10° P = 0.955 Watts

Problem 6.12
1) In the next figure we plot a typical USSB spectrum 0= 3. Note that only the positive frequency axis
is shown.
USSB
0 W 2W 3w
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2) The bandwidth of the signat(¢) isW,, = KW.

3) The noise power at the output of the LPF of the FM demodulator is

2NoW, _ 2NoW? 5
342 342

Win
Pn,a = f Sn,u(f)df =
—W,

whereA. is the amplitude of the FM signal. As it is observed the power of the noise that enters the USSB
demodulators is proportional to the cube of the number of multiplexed signals.

Thei™ message USSB signal occupies the frequency éand 1) W, i W]. Since the power spectral
density of the noise at the output of the FM demodulata$,is(f) = X—gfz, we conclude that the noise

power at the output of th&" USSB demodulator is

1 1" N No 1 .I'Y NoW3
Pio =Py, =‘2f 20 fdf = 228 ~ Bi? = 3i +1)
4 4 ) _—yw A2 2A%23° | ,_yw  6AZ

Hence, the noise power at the output of tRdJSSB demodulator depends an

4) Using the results of the previous part, we obtain

P, 3°—3i+1
P, 3j2—-3j+1

2
5) The output signal power of thd' USSB demodulator i®;, = %PM,-- Hence, the SNR at the output of
thei™ demodulator is

A2
TPMi

Mol (3i2 — 3i + 1)

SNR =

Assuming thatP,, is the same for all, then in order to guarantee a constant SMR have to select?
proportional to 3 — 3i + 1.

Problem 6.13

1) The closed loop transfer function is

His) = G@s)/s  G@s) 1
T 14+G(s)/s  s+G(s)  s24+/25+1

The poles of the system are the roots of the denominator, that is
—V2+2-4 1 Lt
2 T Twr'e

Since the real part of the roots is negative, the poles lie in the left half plane and therefore, the system is
stable.

P12 =
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2) Writing the denominator in the form
D =54+ 2 w,s + o?

we identify the natural frequency of the loopas= 1 and the damping factor gs= \/ii

Problem 6.14

1) The closed loop transfer function is

G(s)/s G(s) K o
H(s) = = = 5 = 1 %
1+G@s)/s s+G(s) 115°+s+K S2+r_1s+r_1

The gain of the system gt = 0 is
|H@O)| = [H(s)|s;=0 =1

2) The poles of the system are the roots of the denominator, that is
-1+ 1—-4Kt
2‘L’1 -

In order for the system to be stable the real part of the poles must be negative KSmgeeater than zero,
the latter implies that; is positive. If in addition we require that the damping faator 2\/117 is less than
1, then the gairK should satisfy the condition

P12 =

1
K> —
4‘L’1

Problem 6.15

The transfer function of the RC circuit is

Rz-{-é 1+ RyCs _1+T2S

GS: = =
© Ri+ R+ 1+ (Ri+R)Cs  1+ms

From the last equality we identify the time constants as

7, = R.C, 71 = (R1+ R2)C

Problem 6.16

Assuming that the input resistance of the operational amplifier is high so that no current flows through it,
then the voltage-current equations of the circuit are

Vo, = —AWV;
1.
Vi—V, = R+ a l
Vi— Vo = iR
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where, V1, V5 is the input and output voltage of the amplifier respectively, Bnid the signal at the input of
the filter. Eliminating; andV;, we obtain

1

Rit+&;
V2 B RC.:
%1 - 1 R1+%
1+ AT TAR

If we let A — oo (ideal amplifier), then

V2_1+R1Cs_l+r2s
Vi  RCs 1us

Hence, the constants, 1, of the active filter are given by

71 = RC, ‘C2=R1C

Problem 6.17
1) The power is given by

Hence, withR = 50, P = 20, we obtain

V2= PR =20x 50 = 1000—> V = 100(¢ = 316228 \olts

2) The current through the load resistance is

V 316228

1 = —

= =0.6325A
R 0 0.6325 Amp

3) The dBm unit is defined as

actual power in Watt .
dBm= 10 Iog( pl(r3 j = 30+ 10 log(actual power in Watts
Hence,
P =30+ 10log(50) = 46.9897 dBm
Problem 6.18

1) The overallloss in 200 Kmis 20020 = 400 dB. Since the line is loaded with the characteristicimpedance,
the delivered power to the line is twice the power delivered to the load in absence of line loss. Hence, the
required power is 26- 400= 420 dBm.
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2) Each repeater provides a gain of 20 dB, therefore the spacing between two adjacent receivers can be up
to 20/2 = 10 Km to attain a constant signal level at the input of all repeaters. This means that a total of
200/10 = 20 repeaters are required.

Problem 6.19

1) Since the noise figure is 2 dB, we have

7.
10 Iog(lqL 290> =2

and thereforgl, = 169.62° K.

2) To determine the output power we have
Py = ngneq(T + 7;)
where 10 log = 35, and thereforeg = 10°.5 = 3162. From this we obtain

P,, = 3162x 1.38 x 10722 x 10 x 10°(16962+ 50) = 9.58 x 10 ' Watts~ —1616 dBm

Problem 6.20

Using the relation?,, = Gk By, (T + 7,) with P,, = 10%k T, B, = 25x 10°, G = 10° andT = Tp, we
obtain

(10° — 25 x 10°) Ty = 25 x 10°7, = 7, = 3Ty

The noise figure of the amplifier is

7,
F=(1+=-)=14+3=4
(1+7) =1+

Problem 6.21

The proof is by induction om, the number of the amplifiers. We assume that the physical tempefaiare

the same for all the amplifiers. Far = 2, the overall gain of the cascade of the two amplifies is G1G,

whereas the total noise at the output of the second amplifier is due to the source noise amplified by two stages,
the first stage noise excess noise amplified by the second stage, and the second stage excess noise. Hence,

P, = G1G2Py, +GoPu1+ P2
= ngZkTBneq + g2(g1aneq7;1) + ngBneq e2

The noise of a single stage model with effective noise temperaiuend gainG,G, is

P, = ngZaneq (T + 7;)
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Equating the two expressions for the output noise we obtain

G1G2(T +1,) = G1G2T + G1Go 7., + G271,

or
7.
T, =T, + =2
G
Assume now that if the number of the amplifiergis- 1, then

7,

€2 + . €m—1

T =Tt o2 o
Gy G- Guo2

e

Then for the cascade of amplifiers

7,
T, =T + -2
g/

whereG’' = G: - - - G,,_1 is the gain of then — 1 amplifiers and we have used the resultsiice 2. Thus,

7, 7, 7,
T,="1T, 422 em—1 + em
Gy Gi-Gm-2 Gi1--Gu_1

Proof of Fries formula follows easily with the substitutiéh = <1 + %‘) into the above equation.
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