Solution to Chapter 4 Problems

Problem 4.1

1) Since F[sinq40Q)] = 4%01_[(4%0)’ the bandwidth of the message signallis= 200 and the resulting
modulation index

_kymaX{|m@)|] k10
B w W

By — 6= k; =120

Hence, the modulated signal is

t

u@®) = ACOS(anCt—i—anf/ m(t)dT)

t
= 100C0$271fct++2n1200/ sing(400r)d )

2) The maximum frequency deviation of the modulated signal is

Afmax = B W = 6 x 200= 1200

3) Since the modulated signal is essentially a sinusoidal signal with ampktudd 00, we have

AZ
P = — =5000
2

4) Using Carson'’s rule, the effective bandwidth of the modulated signal can be approximated by

B. =28y +1DW = 2(6+ 1)200= 2800 Hz

Problem 4.2
1) The maximum phase deviation of the PM signal is
APmax = kp max{|m(r)|] = kp

The phase of the FM modulated signal is

t

o) = anf/ m(r)dr:anf/ m(t)dt
—0o0 0

27k fé tdt = mkyt? O0<t<1
| mkp+2nky f{dT =7k + 2mkp(t — 1) 1<t<?2
| mkp 427k, —2nks [y dT =3rk; —2nk;(t —2) 2<1t<3
wky 3<t
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The maximum value o (¢) is achieved for = 2 and is equal toBk ;. Thus, the desired relation between
k, andk is

kp =37ka

2) The instantaneous frequency for the PM modulated signal is

(1) = 1 d 1) = 1kd t
O = fot b O = fot 5 ky2m(®

For them(¢) given in Fig. P-4.2, the maximum value gfm(t) is achieved for in [0, 1] and it is equal to
one. Hence,

1
max(f; (1)) = fc + >
T
For the FM signalf; (1) = f. + kym(t). Thus, the maximum instantaneous frequency is

max(f;(t1)) = fe+k;=f.+1

Problem 4.3

For an angle modulated signal we hawe) = A. co92rf.t + ¢ (1)), therefore The lowpass equivalent of
the signal isx;(r) = A.e/?® with EnvelopeA. and phaser(¢) and in phase an quadrature components
A.coq¢(t)) andA, sin(¢ (1)), respectively. Hence we have the following

A, envelope A envelope
k,m(t) phase 2tk ¢ ffoom(f)dr phase
PM P ) FM ¢ .
A.cos(k,m(t)) in-phase comp. Ac COS(Zﬂkf Josem(®) df) in-phase comp.
A.sin (kpm(t)) guadrature comp. A.sin <2nkf fioo m(7) dr) quadrature comp.
Problem 4.4

1) Since an angle modulated signal is essentially a sinusoidal signal with constant amplitude, we have

_ A
2
The same result is obtained if we use the expansion

_ 10¢?

u(t)y =Y AcJu(B) OS2 (fe + nfu)t)

n=—oo

along with the identity

BB +2) JXp) =1

n=1
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2) The maximum phase deviation is

A¢max = max|4 sin(200077)| = 4

3) The instantaneous frequency is

. 1d,.
fio = fet oo 0@

4
Jfe+ > €0g20007¢)20007 = f. 44000 co$20007¢)
T
Hence, the maximum frequency deviation is

Afmax: maxlﬁ - fc| = 4000

4) The angle modulated signal can be interpreted both as a PM and an FM signal. Itis a PM signal with phase
deviation constant, = 4 and message signal(r) = sin(20007¢) and it is an FM signal with frequency
deviation constant; = 4000 and message signal(t) = cog2000r1).

Problem 4.5

The modulated signal can be written as

u(t)y = Y Acdu(B)COS2r(fo + nfu)t)

n=—0oo

The power in the frequency componefit= f. + kf,, is P, = %fzfjnz(ﬁ). Hence, the power in the carrier is

Peartier = %ng(,B) and in order to be zero the modulation ingg&should be one of the roots d§(x). The
smallest root of/y(x) is found from tables to be equal®4. Thus,

ﬂmin == 2.404

Problem 4.6
1) If the output of the narrowband FM modulator is,
u(t) = Acos2x fot + ¢ (1))
then the output of the upper frequency multipliemg) is
uy(t) = Acoq2rny fot +n1¢(t))

After mixing with the output of the second frequency multiplie(r) = A coS 27 n, for) we obtain the signal
y(t) = A?coS2rny fot +nig(t)) COS2mny fot)

AZ
= 5 (Cou2r (n1 + n2) fo + n1¢ (1)) + €02 (n1 — n2) fo + n1¢ (1))
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The bandwidth of the signal i% = 15 KHz, so the maximum frequency deviationAy = ;W =
0.1 x 15= 1.5KHz. In order to achieve a frequency deviationfof= 75 KHz at the output of the wideband
modulator, the frequency multipli@r should be equal to
f 75
Af 15
Using an up-converter the frequency modulated signal is given by

np = =50

A2
y() = > coS2r (ny + n2) fo + n1p (1))

Since the carrier frequency = (n1 + n») fo is 104 MHz,n, should be such that
(n1 + n2)100= 104 x 10° = ny + ny = 1040 orn, = 990

2) The maximum allowable driftdy) of the 100 kHz oscillator should be such that

2
(n1+np)dy = 2= dy = 7070 = 0019 Hz

Problem 4.7
The modulated PM signal is given by

u(t) = A, CON2nf.t +k,m(t)) = A.Re[e/Z el Tkrm D]
— ACRe[ejznfctejm(t)]
The signak’/™® is periodic with period;, = fim and Fourier series expansion
T;)I
Cy — i ejm(t)e_jznnﬁ"tdl‘
Tm 0
T’" m
— _/ e] _/hnfm[dt + _/ _]e_lznnfmtdt
. T777 _ Tm
— el o—i2Tnfut z _ e’ o—i2Tnfut
Tnj2mnfy 0 Tnj2mnfy %
—_NHr -1 . . 0 n=20
S e j—el)=
2nn n(21+l) sinl) n=21+1
Hence,
> 2
ejm(t) — = sin1 ejanf,,,t
Z 72l +1) @
and

o0

. . . 2 .
) = A.Re[e/@feteim®D] — A Rel e/Zfet & sin(1)el % ifmt
“ oRels ] = AcRe € 1;,071(21+1) (e

2 1
= Z‘ (Zsl'ri i) COS27 (fi + Lfs)t + 1)
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where¢, = 0 for/ > 0 and¢, = & for negative values aof.

Problem 4.8

1) The instantaneous frequency is given by

1d 1
fi) = fet oo o) = fe+ 51000 (@)

A plot of f;(z) is given in the next figure

fi(@)
..... f + 5_00
¢ 2m
N 5500
0 t
2) The peak frequency deviation is given by
100_ 250
A fmax = kymax{|m(1)|] = 2_5 ===
T 3
Problem 4.9
1) The modulation index is
/3 _ kf maX“m(l‘)H _ Afmax _ 20 x 103 _5

S S 104

The modulated signad(z) has the form

u(ty = Y Acdu(B)COS2T(fo + nfu)t + bn)

n=—oo

= ) 100/,(2) cos27(10° + n10%)t + ¢,)

The power of the unmodulated carrier signaPis= % = 5000. The power in the frequency component
f=f.+k10is

100PJ2(2)
Prokf, = —

The next table shows the values 4f(2), the frequencyf, + kf,,, the amplitude 108, (2) and the power
Py iy, for various values of.
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Indexk | Ji(2) | Frequency Hz| Amplitude 100/, (2) | PowerPy 4y,
0 2239 108 22.39 250.63
1 5767| 10° + 10¢ 57.67 1663.1
2 3528 | 100 +2 x 10* 35.28 622.46
3 .1289| 10° + 3 x 10 12.89 83.13
4 .0340| 1® + 4 x 10° 3.40 5.7785

As it is observed from the table the signal components that have a power level greater than1®00 (
of the power of the unmodulated signal) are those with frequenciés-1®@* and 1§ + 2 x 10*. Since
J2(B) = J2,(B) itis conceivable that the signal components with frequenéy-100* and 1§ — 2 x 10*
will satisfy the condition of minimum power level. Hence, there are four signal components that have a
power of at least 10% of the power of the unmodulated signal. The components with frequefeiek0t 0
10® — 10* have an amplitude equal to 57, whereas the signal components with frequenci@s-1Dx 10%,
10® — 2 x 10* have an amplitude equal to 25.

2) Using Carson’s rule, the approximate bandwidth of the FM signal is

B.=28+1)f, =22+ 110" =6 x 10* Hz

Problem 4.10
1)
By = kyma{|m()|]]=15x2=3

g, = krmax|m(s)]]  3000x 2
Fo= Fn 1000

2) Using Carson’s rule we obtain

Bpm = 2(B,+1)f, = 8x 1000= 8000
Bem = 2(B; + 1) f, = 14 x 1000= 14000

3) The PM modulated signal can be written as

u(t) =Y AJ,(Bp) cos2r(10° + n10%)r)

n=—0oo

The next figure shows the amplitude of the spectrum for positive frequencies and for these components whose
frequencies lie in the interval0® — 4 x 10°, 1P + 4 x 10°]. Note that/o(3) = —.2601,/,(3) = 0.3391,
J2(3) = 0.4861,J3(3) = 0.3091 and/,4(3) = 0.1320.
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ct et by
o,

In the case of the FM modulated signal
u(t) = Acod2rf.t+ Bssin(20007¢))

= > AJ(6) cos2r (10 + n10) + ¢,)

n=—oo

The next figure shows the amplitude of the spectrum for positive frequencies and for these components whose
frequencies lie in the intervl 0° — 7 x 103, 10° — 7 x 10%]. The values of/,(6) forn =0, ... , 7 are given

in the following table.

n 0 1 2 3 4 5 6 7

J,(6) || .1506 | -.2767 | -.2429| .1148| .3578| .3621| .2458| .1296

4) If the amplitude ofn () is decreased by a factor of two, therir) = cog2710°%) and

B, = k,max|m()|]=15
B, — kymax|m()|] 3000
I f ~ 1000

3

The bandwidth is determined using Carson’s rule as

Bem = 2(B,+1)f, =5 x 1000= 5000
Bem = 2By +1)f, = 8 x 1000= 8000

The amplitude spectrum of the PM and FM modulated signals is plotted in the next figure for positive
frequencies. Only those frequency components lying in the previous derived bandwidth are plotted. Note
that Jo(1.5) = .5118,J;(1.5) = .5579 and/,(1.5) = .2321.
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5) If the frequency ofxn(¢) is increased by a factor of two, thenr) = 2 cog2r2 x 10%) and

By = kyma{|m(@)|]]=15x2=3
g, = kymax{|m(s)]]  3000x 2
T fm = 2000

The bandwidth is determined using Carson’s rule as

Bem = 2(B,+ 1) f,, =8 x 2000= 16000
Bem = 2(By+ 1) f, =8 x 2000= 16000

The amplitude spectrum of the PM and FM modulated signals is plotted in the next figure for positive
frequencies. Only those frequency components lying in the previous derived bandwidth are plotted. Note
that doubling the frequency has no effect on the number of harmonics in the bandwidth of the PM signal,
whereas it decreases the number of harmonics in the bandwidth of the FM signal from 14 to 8.
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Problem 4.11
1) The PM modulated signal is

w(t) = 100cos2rff + % o2 100Q))

_ i 100/, (%) cos27 (10 + n10%)1)

n=—oo

The next table tabulatek (8) for 8 = 5 andn =0, ... , 4.

n 0 1 2 3 4
J.(B) || .4720| .5668 | .2497| .0690| .0140
The total power of the modulated signalRg; = % = 5000. To find the effective bandwidth of the

signal we calculate the indéxsuch that

k

100 o (T £ o (T

; — (§> > 0.99 x 5000—> n;k J: (E) > 0.99

By trial end error we find that the smallest indeis 2. Hence the effective bandwidth is
Betr = 4 x 10° = 4000

In the the next figure we sketch the magnitude spectrum for the positive frequencies.
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—>-‘ 103‘4—
|

2) Using Carson’s rule, the approximate bandwidth of the PM signal is

""""" Ph3)

L

10 f Hz

Bow = 2B, + 1) fyn = 2(% +1)1000= 51416

As it is observed, Carson’s rule overestimates the effective bandwidth allowing in this way some margin for
the missing harmonics.

Problem 4.12

1) Assuming thai:(r) is an FM signal it can be written as

o0

u) = 100co$2nfct+2nkf/ o CcoS 2 f,,T)dT)

100 cog27 .t + kj{—“ SiN27 f,u1))

m

kra
I

Bem = Z(ﬁf +1fn = 10 KHz

Thus, the modulation index 8, = = 4 and the bandwidth of the transmitted signal

2) If we double the frequency, then
u(t) = 100 co$2n f.t + 4 Sin(2r2f,,1))
Using the same argument as before we find fhat= 4 and

Bpy = 2(,3f + 12f, = 20 KHz

3) If the signalu(¢) is PM modulated, then
Bp = Apmax = Mmax{4sin2z f,,1)] = 4
The bandwidth of the modulated signal is

Bpy = Z(ﬂp + 1) fn = 10 KHz

4) If f,, is doubled, them, = A¢max remains unchanged whereas

Bpym = 2(:817 + l>2fm = 20 KHz

91

©2005 Pearson Education, Inc., Upper Saddle river, NJ. All rights reserved. This material is protected under all copyright laws as
currectly exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the




Problem 4.13
1) If the signalm(t) = m1(t) + m»(r) DSB modulates the carriet, cog2x f,t) the result is the signal

ut) = A.m(t)cod2nf.t)
= Ac(ma(t) + ma(t)) cO(2n f.1)
= Ami(t) co2r f.t) + Ac.mo(t) COY2m f.1)
= wuy(t) + uz(t)

whereu1(t) andu,(t) are the DSB modulated signals corresponding to the message sigi@landm(z).
Hence, AM modulation satisfies the superposition principle.

2) If m(r) frequency modulates a carrigy. cog 2 f.t) the result is

ut) = A.co92nf.t+2nky /OO (m1(t) + mo(1))d7)

” m1(t)dTt)

+ Accos(anCt-i-anf/

[e¢]

+A.co92n f.t + 2mky / mo(t)dT)
= uy(t) +ux(t)

where the inequality follows from the nonlinearity of the cosine function. Hence, angle modulation is not a
linear modulation method.

Problem 4.14

The transfer function of the FM discriminator is

H(s) R %s
s) = =
R+Ls+2& 24854 L
Thus,
472 (R 2f2
|H()I? = ()

(& - 4712f2)2 + 4w2(Ry2 f2
As it is observedH (f)|? < 1 with equality if

1
"~ 2nJLC

Since this filter is to be used as a slope detector, we require that the frequency content of the signal, which
is [80— 6, 80+ 6] MHz, to fall inside the region over whichH ()| is almost linear. Such a region can be
considered the intervdlfio, fool, Where f1g is the frequency such th&# ( f10)| = 10% max|H (f)|] and

foo is the frequency such thall ( f10)| = 90% max|H (f)|].

f
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With maX|H (f)| = 1, fio = 74 x 10° and fgo = 86 x 10°, we obtain the system of equations

50 x 10° 1 1
4?2+ 2 T o fl— 012 — — =
TT f10+ I 7Tf10[ ] LC

50 x 10° 1 1
4?2+ 2 o e 11— 097 — — =0
T f90+ I 7Tf90[ ] LC

Solving this system, we obtain

L =1498mH C =0.018013 pF

Problem 4.15

The case op (1) = B coq2x f,,t) has been treated in the text, the modulated signal is

u(ty = Y Acdu(B)COS2r(fe + nf))

n=—0oo

= ) 100/,(5) cog2r(10° + n10))

n=—oo

The following table shows the values §f(5) forn =0, ..., 5.

n 0 1 2 3 4 5
J.(5) || -.178 | -.328 | .047 | .365| .391| .261

In the next figure we plot the magnitude and the phase spectrum for frequencies in thE2Ehge50 Hz.
Note that/_,(8) = J,(B) if niseven and/_,(B) = —J,(B) if n is odd.

wH o

190)4(5)

950 1000 1050 f Hz
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The Fourier Series expansiondf s"@/n1 ig

5
o = fo | iSO g2t gy

1
4/ ."1

1 [ "
_ e]ﬂ COSu—]nueJTdu

27'[0
= 7 J,(B)

Hence,

00
M(t) = ACRe|: Z CnejzﬂfctejZﬂnfm[:|

n=—00
oo
= ACRe[ Z ej2ﬂ(fc+nfm)t+”§r:|
n=—00

The magnitude and the phase spectra(@j for 8 = 5 and frequencies in the intervi@50, 1000 Hz are
shown in the next figure. Note that the phase spectrum has been plotted maduolth2 interval(—x, 7 ].

|U(f)| ........ Lgo 1a5)
P I el I T
950 1000 1050 fHz
ZU(f)
n ............. ?. ? ?
7 T i i 5 !
950 © 1000 " 1050 f Hz
Cr e FO . 6 .
2

Problem 4.16

The frequency deviation is given by

fa(®) = fi(t) = fe = kym(1)

whereas the phase deviation is obtained from

t
m(t)dt

¢d(t) = 27ka/

In the next figure we plot the frequency and the phase deviation wkens as in Fig. P-4.16 with ; = 25.
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BOfF— v v 50" .I
250 .. 257k /ot NG < :
| N\ 5 /.
1 3|14|56 ¢ 1 3 4\/ 6 P
—25 ] A
=50, ..........
Problem 4.17
Using Carson’s rule we obtain
20020 k; =10

B.=2B+DHW = 2( +1)W = { 20200 k; = 100

22000 k; = 1000

ky max|m(t)|]
w

Problem 4.18

The modulation index is

_kymax|m(r)]]  10x 10

=125
ﬂ fm 8
The output of the FM modulator can be written as
t
u(t) = 10c0%272000 + Zﬂkf/ 10 co%2781)dr)
= ) 10J,(125) cog2r(2000+ n8)t + ¢,)

At the output of the BPF only the signal components with frequencies in the inf@@@0— 32, 2000+ 32]

will be present. These components are the termg©Qffor whichn = —4, ... , 4. The power of the output
signal is then

1% 2105 o 1 X X

(125 + ; — J#(125) = 50 x 0.2630= 1315

Since the total transmitted power & = % = 50, the power at the output of the bandpass filter is only
26.30% of the transmitted power.

Problem 4.19
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1) The instantaneous frequency is
fi(t) = fe+kpmy(t)
The maximum off; () is

max f;(t)] = max f. + kym(1)] = 10f + 5 x 10° = 1.5 MHz

2) The phase of the PM modulated signapig) = k,m1(t) and the instantaneous frequency

1d k, d
5= 0 = fo+ 5-—ma(0)

fit)=Je+ 27 dt 2m dt

The maximum off; (¢) is achieved for in [0, 1] where%ml(t) = 1. Hence, malxf; ()] = 10° + %

3) The maximum value aofi,(1) = sin2 x 10%) is 1 and it is achieved far= 0. Hence,
max f; (t)] = max f. + kymo(t)] = 10° + 10° = 1.001 MHz

Since, F[sina2 x 10%)] = ﬁn(ﬁ) the bandwidth of the message signalis= 10*. Thus, using
Carson'’s rule, we obtain

ky max{|m(z)|]

B =2 o

+ D)W = 22 KHz

Problem 4.20
Since 88 MHz < f. < 108 MHz and

|fe— fl=2fir if fir < fio

we conclude that in order for the image frequerf¢yo fall outside the intervd88, 108 MHZ, the minimum
frequencyfr is such that

2fi = 108— 88 =5 fir = 10 MHz

If fir =10 MHz, then the range of o is [88+ 10, 108+ 10] = [98, 118] MHz.

96

©2005 Pearson Education, Inc., Upper Saddle river, NJ. All rights reserved. This material is protected under all copyright laws as
currectly exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the




	Copyright Statement: ©2005 Pearson Education, Inc., Upper Saddle river, NJ. All rights reserved. This material is protected under all copyright laws as they currectly exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.


